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Abstract
The relations between two construction methods (called multiplier and embedding meth-
ods) for conserved currents of general systems of ordinary or partial differential equations (DEs)
are investigated. Recent studies indicate that the multiplier method, which is a generalization
of Noether’s theorem, has significant advantages in comparison with the embedding method,
which uses adjoint-symmetry/symmetry pairs and is based on embedding the original system
of DEs in a larger one that follows from a Lagrangian. In particular, the multiplier method can
generally give a wider range of conserved currents than the embedding method. In this paper
simple extended forms of general systems of DEs, obtained by treating parameters present in
the equations or introduced into them as dependent variables, are studied. A variant of a funda-
mental result on the connection between the embedding method and the action of symmetries on
conserved currents that correspond to a multiplier is derived for the extended systems of DEs.
Using this connection and by considering particular extensions that endow the extended DEs
with scaling symmetry, it is shown that the embedding method becomes significantly stronger if
it is also allowed to be applied to the extended forms of the original DEs. It is also shown that
up to equivalence the multipliers of an extended DE system contain the parametric multipliers
of the original system together with the derivatives of the corresponding conserved currents with
respect to the parameters.
1 Introduction
For systems of (partial or ordinary) differential equations that have a Lagrangian formulation it
is well-known that conserved currents can be obtained from variational symmetries by Noether’s
theorem [1, 2]. For non-variational differential equations (DEs) a generalization of Noether’s theorem
is the multiplier method, in which the role of symmetries is taken over by conservation law multipliers
[1, 2, 5, 6, 7, 8, 9]. Another method for finding conserved currents for a system of DEs that is not
necessarily variational is to embed it in a larger system of Euler–Lagrange equations in a certain
way, and to apply Noether’s theorem to the larger system [10]-[25], [27]. This method involves
introducing additional dependent variables and is not a generalization of Noether’s theorem, as it
does not reduce to Noether’s theorem in its usual form in the case of variational DEs. It also requires
adjoint-symmetries in addition to symmetries, if one aims to construct local conserved currents of
the original DE system. It is possible to formulate it without referring to Lagrangians, the Euler–
Lagrange equations and Noether’s theorem, and in a large part of the literature it is formulated in
such a way. The main formula by which the conserved current is obtained in this method is called
adjoint-symmetry/symmetry formula in [27].
The multiplier method is well developed and is known to be suitable for finding, up to equivalence,
the local conserved currents of a system of DEs if it satisfies certain mild regularity conditions [2, 9].
Nevertheless, the second method, which will be called embedding method, is also interesting, because
it extends the Lagrangian formalism to arbitrary differential equations and has some other uses
besides constructing local conserved currents (see the end of Section 3.2). It also keeps the feature
of Noether’s theorem that it associates conserved currents with symmetries. It is thus natural to ask
what the relation between the two methods is, and in particular whether the conserved currents given
by the multiplier method can be reproduced by the embedding method as well. These questions
were investigated recently in [26, 27].
The embedding method can be used to construct a local conserved current if an adjoint-symmetry
and a symmetry of the system of DEs under consideration are given. Since a conservation law
multiplier is also an adjoint-symmetry, the embedding method also gives a conserved current for a
multiplier/symmetry pair. In [26, 27] it was shown that the latter current is equivalent with the
current that is obtained by the action of the symmetry on the current that belongs to the multiplier,
and on the basis of this result it was argued in [27] that generally there can be conservation laws that
the embedding method cannot reproduce, indicating that the embedding method is less powerful
than the multiplier method.
The aim of the present paper is to continue the investigation of the two methods and the relations
between them, and to show, in particular, that the embedding method becomes significantly stronger
if certain extended forms of the original system of differential equations are also taken into account.
These extended DE systems are obtained by promoting some constant parameters gl that are present
in the original equations or are introduced into them to dependent variables and appending to the
original equations the additional equations ∂µgl = 0, which express the requirement that gl are
constant. The aim of extending a DE system in this way is to endow it with additional—primarily
scaling—symmetries that can be used in the embedding method.
The idea of extending DE systems in the way described above and thereby endowing them with
scaling symmetry appeared recently in [9] (see Section 7 of [9]) as well, in relation to the problem of
finding the conserved current that corresponds to a given multiplier. The present paper is inspired
to a large extent by these ideas and develops them further.
Regularity assumptions are often made on the DE systems in general investigations of the various
conserved current construction methods—see e.g. [9]. In this paper we assume only the differentia-
bility of the DEs to sufficiently high orders and we allow anticommuting (Grassmann algebra valued)
dependent variables as well.
The paper is organized as follows: In Section 2 various notations and conventions are fixed. In
Section 3 the multiplier method and the embedding method are recalled. Section 4, which is the
central part of the paper, contains the discussion of the extension of the original system of DEs and
the results that we obtained about applying the two conserved current construction methods to the
extended DE systems. Section 5 contains concluding remarks. In Appendix A Noether’s theorem
about the symmetries of Lagrangians and the corresponding conserved currents is reviewed briefly
for completeness.
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2 Preliminaries
Instead of ‘dependent variables’ we use the term fields in the rest of the paper, with the applications
of continuous symmetries and conservation laws in field theory in mind. Nevertheless, this is only a
naming convention and does not imply any restriction on the types of the dependent and independent
variables and on the DEs that are considered.
Indices will be used in two ways; in many cases, in the same way as in the abstract index notation,
merely to indicate that a quantity has multiple components and to show what types of indices
label the components, but occasionally also to label the particular components of multicomponent
quantities. The ranges of the indices will mostly be omitted. The Einstein summation convention
will be understood to apply to pairs of identical indices consisting of an upper and a lower index.
Differentiation with respect to a variable that has indices yields a result that has corresponding
indices in the opposite (upper or lower) position. For simplicity, the various indices will be assumed
to take only finitely many values.
Φi will denote a collection of fields or field components indexed by a general index i. Φi are
assumed to be defined on a base manifold M . xµ, µ = 0, 1, . . . , D, where D = dim(M) − 1,
will be coordinates covering some open domain U in M . It is sufficient for the purposes of the
paper to consider only a single coordinate patch, and the behaviour of Φi and other quantities under
coordinate changes will not be important. For simplicity, Φi will be assumed to be real, and complex
fields are taken into account as two real fields. There would be no difficulty in allowing Φi to be
complex for some values of i, but it makes some of the formulas lengthier, since if Φi is complex,
then both Φi and Φ
∗
i have to be included in them. A field that has values in a manifold can be taken
into account as an array of real field components, which are obtained by introducing coordinates
in the target manifold. Sections of fibre bundles can also be taken into account as arrays of field
components, which arise by choosing a trivialization of the fibre bundle over U and introducing
coordinates in the fiber (it is assumed that U is chosen so that the fiber bundle can be trivialized
over it). A field configuration (or a configuration of Φi) will be understood to be the graph of Φi
over U .
Φi is allowed to be anticommuting (Grassmann algebra valued) for some values of i. The following
sign convention will be used for derivatives with respect to anticommuting variables: if θ is an
anticommuting variable and E is an expression of the form E1θE2, then
∂E
∂θ
= (−1)nE1E2, where
n = 0 if E2 is even and n = 1 if E2 is odd.
The square bracket notation f [φ], where φi are fields and the index i is omitted, will be used to
indicate that f is a local function of φi, which means that it is a function of x
µ, φi(x
µ) and finitely
many derivatives of φi(x
µ). Local functions are also called differential functions in the literature (see
[1], for example). Derivatives with respect to xµ will be understood to be total derivatives. ∂µf [φ],
for instance, is understood to be the derivative of the function xµ 7→ f(xµ, φi(x
µ), ∂νφi(x
µ), . . . ) with
respect to xµ, not the (partial) derivative of (xµ, φi, ∂νφi, . . . ) 7→ f(x
µ, φi, ∂νφi, . . . ) with respect to
xµ.
We shall consider general systems of differential equations
F a[Φ](xµ) ≡ F a(xµ,Φi(x
µ), ∂νΦi(x
µ), ∂νλΦi(x
µ), . . . ) = 0 . (2.1)
The index a labeling the equations is generally not related to the index i that labels the fields, and
F a is assumed to have definite commutation properties, i.e. it is either even or odd, for each value
of a. We also assume that F a are differentiable as many times as necessary with respect to xµ, Φi,
∂νΦi, . . . (regarded as independent variables), but further assumptions on F
a are not made, unless
explicitly stated. In particular, the regularity of (2.1) in the sense of [9] is not assumed. In the rest
of the paper, F a = 0 will be understood to mean that Φi satisfies (2.1).
Let L[Φ] be a local function of Φi. The Euler–Lagrange derivative of L with respect to Φi is
Ei[Φ] =
δL
δΦi
=
∂L
∂Φi
− ∂µ
∂L
∂(∂µΦi)
+ ∂µν
∂L
∂(∂µνΦi)
− ∂µνλ
∂L
∂(∂µνλΦi)
+ . . . . (2.2)
The DEs Ei[Φ] = 0 for Φi are called the Euler–Lagrange equations corresponding to L, which is
called the Lagrangian density function for (2.2). Lagrangians will be assumed to be even.
A conserved current for the system (2.1) is a current Jµ for which the conservation law ∂µJ
µ = 0
holds if F a = 0. A local conserved current is a conserved current that is a local function of Φi. In
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this paper we focus mainly on local conserved currents, and we assume the currents to be even. The
geometric properties of Jµ, i.e. their transformation properties under general coordinate changes,
will not be relevant. A current is identically conserved if it is conserved for arbitrary Φi. Two local
conserved currents Jµ1 and J
µ
2 are equivalent ([1], Section 4.3) if J
µ
1 − J
µ
2 = J¯
µ + Jˆµ, where J¯µ and
Jˆµ are local currents, J¯µ is identically conserved and Jˆµ = 0 if F a = 0.
Although the definition above for the equivalence of currents is reasonable, it should be noted that
even if two currents are equivalent according to this definition, they may be physically inequivalent
if J¯µ 6= 0. For example, the electric current is physically nontrivial in spite of being equivalent with
the zero current in virtue of Maxwell’s equations.
A one-parameter family of transformations of the fields Φi is given by a mapping T {ς,Φ}i, where
the independent variables of T are the parameter ς (ς ∈ R) and the field configuration Φi. For given
ς and Φi, T {ς,Φ}i are the transformed fields. The curly brackets { } are used here to indicate that
T {ς,Φ}i can be a general function of the field configuration, i.e. it is not necessarily a local function
of Φi. T {ς,Φ}i(x
µ), xµ ∈ U , is assumed to be defined for any ς in some open interval, which contains
0 and may depend on xµ and on the configuration of Φi. It is also assumed that T {0,Φ}i = Φi.
T {ς,Φ}i is not required to have a group property.
After linearization in the parameter, Φi → T {ς,Φ}i becomes
Φi → Φi + ς δΦi , (2.3)
where δΦi{Φ} =
dT{ς,Φ}i
dς
|ς=0. δΦi has the same commutation character as Φi for all values of i. In
the present paper only the linearized transformations (2.3) are needed, and it would be sufficient to
consider only such T {ς,Φ}i that are exactly linear in ς . δΦi will also be assumed to be a local function
of Φi. Comparing with the definitions of [1] and [9], it can be said that we consider infinitesimal
transformations in evolutionary (or characteristic) form (see Section 5.1 of [1] or Section 5 of [9]),
and δΦi is the characteristic of the infinitesimal transformation (2.3). The first order variation,
under the action of Φi → T {ς,Φ}i, of a quantity f{Φ} that depends on the field configuration is
δf = df{Φ+ςδΦ}
dς
|ς=0. If f is a local function, then δf =
∂f
∂Φi
δΦi+
∂f
∂(∂µΦi)
∂µδΦi+
∂f
∂(∂µνΦi)
∂µνδΦi+. . . .
f{Φ} is called homogeneous of weight (or order) s under the action of (2.3) if δf = sf with some
constant s.
3 The two conserved current construction methods
In this section we recall briefly the two methods mentioned in the Introduction for constructing
conserved currents for systems of differential equations. Useful references about these methods are
[1, 2, 9, 19, 27]. An extension of the embedding method and of Noether’s theorem to boundary
conditions can be found in [30].
3.1 The conservation law multiplier method
Let qa[Φ] be a local function for which
F aqa = ∂µJ
µ (3.1)
holds with some local current Jµ[Φ] for any configuration of Φi. For any value of a, qa is assumed
to have the same commutation properties as F a. Such a qa is called a conservation law multiplier
for F a and Jµ, and it is obvious from (3.1) that Jµ is conserved for all solutions of (2.1).
In virtue of (3.1), qa[Φ] is a conservation law multiplier if and only if the equation δ(F
aqa)
δΦi
= 0,
called multiplier determining equation, holds for arbitrary configurations of Φi. This equation can
be used to find multipliers for F a, and then for any multiplier it is a further problem to find the
Jµ[Φ] that satisfies (3.1). Various methods for solving the latter problem are known [9]. From (3.1)
it is clear that a conserved current corresponding to a multiplier is determined up to adding an
identically conserved current. If F a satisfies certain regularity conditions, then all local conserved
currents, up to equivalence, correspond to a multiplier [9].
As (A.9) shows, any characteristic δΦi of a symmetry of a Lagrangian density function is a con-
servation law multiplier for the Euler–Lagrange equations and vice versa, and the Noether current,
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multiplied by −1, is the current corresponding to δΦi as multiplier, therefore the multiplier method
is a generalization of Noether’s theorem to arbitrary DEs. On the other hand, the characteristic of
an on-shell symmetry of a Lagrangian is not necessarily a multiplier, thus the multiplier method is
not a generalization of the on-shell symmetry version of Noether’s theorem (which is introduced at
the end of Appendix A).
3.2 Embedding of differential equations in a system of Euler–Lagrange
equations
The DE system (2.1) can be embedded in a system of Euler–Lagrange equations by adding to the
set of fields a set of auxiliary fields ρa, which have the same commutation properties as F
a, and
taking the auxiliary Lagrangian density function (also called formal Lagrangian)
Lˆ[Φ, ρ] = F a[Φ]ρa . (3.2)
The Euler–Lagrange equations following from (3.2) for ρa are just (2.1), and the Euler–Lagrange
equations for Φi,
Ei[Φ, ρ] =
δLˆ
δΦi
=
∂(F aρa)
∂Φi
− ∂µ
∂(F aρa)
∂(∂µΦi)
+ ∂µν
∂(F aρa)
∂(∂µνΦi)
− ∂µνλ
∂(F aρa)
∂(∂µνλΦi)
+ · · · = 0 , (3.3)
constitute a further set of equations, which are homogeneous linear in ρa. As equations for ρa, (3.3)
are also known as the adjoint linearization of (2.1). The complete set of Euler–Lagrange equations
are satisfied if Φi satisfy (2.1) and ρa = 0, therefore the Lagrangian system defined by (3.2) indeed
properly contains (2.1). If (2.1) are linear equations, then (3.3) are also linear and do not contain
Φi and their derivatives.
After embedding (2.1) in the Lagrangian system specified by (3.2), one can try to find symmetries
of Lˆ, and then the associated conserved currents can be found using the Noether construction
described in Appendix A. In particular, if (2.1) has a symmetry, then Lˆ also has a corresponding
on-shell symmetry, as described below.
A one-parameter transformation Φi → T {ς,Φ}i is a called a symmetry of the DE system (2.1),
if
δF a =
dF a[Φ + ς δΦ]
dς
|ς=0 = 0 (3.4)
holds for any solution of (2.1). This symmetry condition is the infinitesimal form of the requirement
that a symmetry is a transformation that maps a solution of (2.1) into another solution. Although
it would be more appropriate to use the term ‘infinitesimal symmetry’ instead of ‘symmetry’ in this
definition, we consider only infinitesimal symmetries in this paper, therefore the word ‘infinitesimal’
is omitted. Regarding δΦi as an independent field,
dFa[Φ+ςδΦ]
dς
|ς=0 is just the linearization of F
a
around Φi, thus if Φi → T {ς,Φ}i is a symmetry, then δΦi[Φ] is a solution of the linearization of
(2.1) around Φi if Φi is a solution of (2.1).
If Φi → Φi+ ς δΦi is a symmetry of (2.1), then δLˆ = F
aδρa+ δF
aρa is clearly zero if F
a = 0, for
any choice of δρa. This means that Φi → Φi + ς δΦi, ρa → ρa + ς δρa is an on-shell symmetry (see
the end of Appendix A) of Lˆ with Kµ = 0 and with arbitrary δρa. Since K
µ = 0, the associated
Noether current is jµ (see (A.7) for the definition of jµ). Explicitly,
jµ =
∂(F aρa)
∂(∂µΦi)
δΦi +
(
∂(F aρa)
∂(∂µνΦi)
∂νδΦi − ∂ν
∂(F aρa)
∂(∂µνΦi)
δΦi
)
+
(
∂(F aρa)
∂(∂µνλΦi)
∂νλδΦi − ∂ν
∂(F aρa)
∂(∂µνλΦi)
∂λδΦi + ∂νλ
∂(F aρa)
∂(∂µνλΦi)
δΦi
)
+ . . . . (3.5)
jµ is conserved if Φi satisfy (2.1) and ρa satisfy the auxiliary equations (3.3). Since Lˆ does not
depend on the derivatives of ρa, j
µ does not depend on the choice of δρa. j
µ is homogeneous linear
in ρa, therefore it is necessary to find nonzero solutions of (3.3) for ρa in order to obtain nonzero j
µ.
jµ becomes a local conserved current of (2.1) if ρa is a local function of Φi and satisfies (3.3)
whenever F a = 0. A ρa[Φ] with these properties is called an adjoint-symmetry. Here it should be
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noted, to avoid confusion, that the differentiations with respect to ∂µν...Φi in (3.3) and in (3.5) do
not apply to ρa[Φ]. Nevertheless, it is clear from (3.5) that if one applies the differentiations with
respect to ∂µν...Φi in (3.5) to ρa[Φ] as well, then the resulting current differs only by a current that is
zero if F a = 0. Similarly, (3.3) would change only by a quantity that is zero when F a = 0, therefore
the adjoint symmetry property of ρa[Φ] would not be affected.
The above construction of conserved currents can be summarized as follows:
Theorem 1 (i) If δΦi[Φ] is the characteristic of a symmetry of (2.1) and ρa[Φ] is an adjoint sym-
metry of (2.1), then jµ is a local conserved current of (2.1). (ii) If δΦi[Φ] is the characteristic of
a symmetry of (2.1) and δρa[Φ, ρ] is arbitrary, then {δΦi, δρa} is the characteristic of an on-shell
symmetry of Lˆ with Kµ = 0, and the corresponding Noether current of the Euler–Lagrange equations
(2.1), (3.3) is jµ, which does not depend on δρa[Φ, ρ].
Here and in the subsequent parts of the paper the brackets {} are used for collecting pieces of
quantities that have multiple components. Note that in the first part of the theorem jµ is a local
function of Φi, whereas in the second part it is a local function of {Φi, ρa}, and the first part follows
from the second part.
In the preceding arguments we were able to show that a symmetry of (2.1) implies an on-shell
symmetry of Lˆ, and this was sufficient to find the Noether current jµ, without further assumptions
on F a. Since jµ was obtained by the on-shell symmetry version of Noether’s theorem, a multiplier
to which jµ corresponds was not found. Under relatively mild regularity assumptions on F a it is
possible to specify δρa and K
µ so that the on-shell symmetry becomes a complete symmetry of Lˆ
and Kµ = 0 continues to hold on the solutions of (2.1) (see Section 2.2 of [27] and [17]), but this
will not be needed in the present paper.
There is another construction, which is closely related to the one described in Theorem 1 and is
worth mentioning:
Theorem 2 For any field configuration Φi, if ρa satisfies (3.3) and vi is a solution of the lineariza-
tion of (2.1) around Φi, then ∂µj
µ = 0, where jµ is given by (3.5) with δΦi replaced by vi. The
scaling transformation δscvi = vi, δscρa = −ρa is a symmetry of the auxiliary Lagrangian associated
with the linearization of (2.1) with Kµ = 0, and the corresponding Noether current is jµ. The
relevant auxiliary system of DEs for ρa coincides with (3.3).
Proof. Let Ga denote the linearization of F a. Ga = 0 is a homogeneous linear DE system for
the linearized fields (being denoted by vi), therefore δscG
a = Ga. The variation of the auxiliary
Lagrangian under δsc is thus δsc(G
aρa) = δscG
aρa + G
aδscρa = 0, i.e. δsc is a symmetry of the
auxiliary Lagrangian with Kµ = 0. The statements that the Noether current is given by (3.5) and
that the auxiliary system of DEs for ρa, i.e. the Euler–Lagrange equations for vi, coincides with
(3.3) are not difficult to verify (in (3.5) the replacement δΦi → vi is understood). Note that δscρa
could be left arbitrary as well, and then generally δsc would only be an on-shell symmetry. 
It is clear that the current conservation laws stated in Theorem 1 follow from Theorem 2. On the
other hand, Theorem 1 is sufficient to derive the conservation law stated in Theorem 2. It should
be noted that Φi is not required to be a solution of (2.1) in Theorem 2.
Although the standard way of constructing conserved currents in the framework of the embedding
method is described by Theorem 1, the Euler–Lagrange equation system consisting of (2.1) and
(3.3) allows other possibilities. In particular, it allows the multiplier method to be connected with
Noether’s theorem:
Theorem 3 qa[Φ] is a conservation law multiplier for F
a[Φ] and for a current Jµ[Φ] if and only
if the one-parameter infinitesimal transformation of {Φi, ρa} that has the characteristic δqΦi = 0,
δqρa[Φ, ρ] = qa[Φ] is a symmetry of Lˆ with K
µ[Φ] = Jµ[Φ]. The Noether current corresponding to
δq is −J
µ.
Proof. First, let us assume that qa is a conservation law multiplier for F
a and Jµ. Clearly δqF
a = 0,
since δqΦi = 0, therefore δqLˆ = F
aδqρa+δqF
aρa = F
aqa = ∂µJ
µ. This shows that δq is a symmetry
of Lˆ with Kµ = Jµ. If δq is a symmetry of Lˆ with K
µ = Jµ, then again δqLˆ = F
aδqρa + δqF
aρa =
F aqa = ∂µJ
µ, i.e. qa is a conservation law multiplier for F
a and Jµ. Since Lˆ does not depend on
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the derivatives of ρa and δqΦi = 0, the relevant j
µ current is zero, therefore the Noether current
corresponding to δq is −K
µ = −Jµ. 
Theorem 3, which cannot be found in the literature to our knowledge, shows that from the
point of view of the auxiliary Lagrangian (3.2), the multiplier method is a special case of Noether’s
theorem.
It is important to note that constructing local conserved currents for (2.1) is not the only use of
the embedding method, as can be seen from the second part of Theorem 1. A standard application
of conserved currents is the verification of numerical solutions of DEs, and for that purpose jµ can be
constructed, without knowing any adjoint-symmetries, in the following way: for a given numerical
solution of (2.1) that is to be verified one computes a particular ρa by numerically solving (3.3), and
constructs jµ using this ρa, the numerical solution of (2.1), and a symmetry of (2.1). This j
µ should
then be conserved with satisfactory precision. See also [30] concerning this kind of application of
the embedding method.
4 Application of the two methods to extended systems of
differential equations
The aim of this section is to discuss our results about the embedding and the multiplier methods
applied to the extended systems of DEs mentioned in the Introduction. Before considering the
extended systems, we rederive in Section 4.1 in slightly different form a fundamental result of [26, 27]
(see also [28, 29]) on the connection between the two methods, according to which the current that
the embedding method gives for a multiplier/symmetry pair is equivalent with the current obtained
by the action of the symmetry on the current that belongs to the multiplier. The details of the
derivation are included mainly because they differ from those in [26, 27]. The special case when the
current that belongs to the multiplier is homogeneous under the action of the symmetry, and the
relevance of this case for the question whether the currents that can be generated by the multiplier
method can be reproduced by the embedding method as well, is also discussed. Then in Section 4.2
we introduce the extension of DEs in general form and derive a variant of the result of Section 4.1
for them. This includes a characterization of the multipliers of the extended DE systems. The case
of homogeneous currents is again considered. A special class of adjoint-symmetries of the extended
DEs is noted as well. In Section 4.3 a particular way of extending an arbitrary system of DEs is
discussed. Finally examples of the application of the results of Sections 4.1 and 4.2 are presented in
Section 4.4.
4.1 Action of infinitesimal symmetries on conserved currents that corre-
spond to a multiplier
If qa is a conservation law multiplier for F
a, then δ(F
aqa)
δΦi
= 0, and from this it follows that ρa = qa
satisfies (3.3) if F a = 0. This means that if qa is a conservation law multiplier, then it is also an
adjoint-symmetry. In particular, if F a are Euler–Lagrange equations corresponding to a Lagrangian
L, then any δΦi that determines a symmetry of L is suitable for ρa (the indices i and a have the
same range if F a are Euler–Lagrange equations). It should be noted that in general it is not true
that any adjoint-symmetry is a conservation law multiplier [9].
The variation of F aqa under a one-parameter transformation Φi → Φi + ς δΦi of Φi is
δ(F aqa) = δF
aqa + F
aδqa = ∂µ(δJ
µ) =
δ(F aqa)
δΦi
δΦi + ∂µj
µ
(Fq) , (4.1)
where jµ(Fq) denotes the current obtained by applying (A.2) to δ(F
aqa), with δΦi in the role of ǫ
α,
and δJµ is the first order variation of Jµ under the action of Φi → Φi + ς δΦi. j
µ
(Fq) is given by
the expression on the right hand side of (3.5), with ρa replaced by qa (qa depends on Φi and its
derivatives, therefore it is important to note that the replacement is understood to be done before
any evaluation of the derivatives in (3.5)). As was noted above, (3.1) implies that δ(F
aqa)
δΦi
= 0,
therefore from (4.1) it follows that
∂µ(j
µ
(Fq) − δJ
µ) = 0 (4.2)
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for arbitrary Φi, i.e. j
µ
(Fq) − δJ
µ is an identically conserved current. Furthermore, the left part of
(4.1) shows that if Φi → Φi + ς δΦi is a symmetry of (2.1), then δJ
µ is also a conserved current. In
virtue of (4.2), jµ(Fq) is also conserved in this case and is equivalent with δJ
µ.
j
µ
(Fq) can be written as the sum
j
µ
(Fq) = j
µ
(F˜ q)
|F˜a=Fa + j
µ
(F q˜)|q˜a=qa , (4.3)
where jµ
(F˜ q)
|F˜a=Fa is understood to be given by (3.5) in the following way: ρa should be replaced
by qa and F
a by F˜ a, where F˜ a may depend on xµ but not on Φi and their derivatives, then the
derivatives ∂(F˜
aqa)
∂(∂µ...Φi)
should be evaluated, and finally F˜ a should be replaced again by F a. jµ(F q˜)|q˜a=qa
is understood in a similar way. Up to possible signs depending on the commutation properties of the
quantities involved, ∂(F˜
aqa)
∂(∂µ...Φi)
= F˜ a ∂qa
∂(∂µ...Φi)
and ∂(F
aq˜a)
∂(∂µ...Φi)
= q˜a
∂Fa
∂(∂µ...Φi)
. In different words, the two
terms on the right hand side of (4.3) arise simply by applying the differentiation rule of products to
the derivatives ∂(F
aqa)
∂(∂µ...Φi)
in (3.5) (after ρa has been replaced by qa).
j
µ
(F q˜)|q˜a=qa is identical with j
µ given by (3.5), with ρa = qa, and if F
a = 0, then obviously
j
µ
(F˜ q)
|F˜a=Fa = 0, therefore j
µ, with ρa = qa, is equivalent with δJ
µ.
The conclusions of the arguments above can be summarized in the following theorem, which
connects the multiplier method with the embedding method:
Theorem 4 Let Φi → Φi + ς δΦi be a symmetry of the system of differential equations (2.1), and
let qa be a conservation law multiplier for F
a and Jµ, i.e.
F a[Φ]qa[Φ] = ∂µJ
µ[Φ] . (4.4)
Under these conditions δJµ is also a conserved current, and the Noether current jµ = jµ(Fρ)|ρa=qa
associated with the auxiliary Lagrangian Lˆ, with the symmetry Φi → Φi+ ς δΦi, and with the values
ρa = qa of the auxiliary fields, is equivalent with δJ
µ. jµ = jµ(Fq) − j
µ
(F˜ q)
|F˜a=Fa for arbitrary Φi,
j
µ
(F˜ q)
|F˜a=Fa = 0 on the solutions of (2.1), thus j
µ is equivalent with jµ(Fq). j
µ− δJµ+ jµ
(F˜ q)
|F˜a=Fa =
j
µ
(Fq) − δJ
µ is an identically conserved current.
Clearly jµ is the current given by the embedding method for the symmetry characteristic δΦi and
for the adjoint-symmetry (and multiplier) qa.
Theorem 4 is slightly more general than Theorem 4 of [27], as it only assumes about F a that
it is differentiable as many times as necessary. On the other hand, under the (mild) regularity
assumptions on F a made in [27] (see also [9] for the definition of this regularity property) it is also
possible to find a multiplier for jµ explicitly, and this is actually done in [27]. Nevertheless, for the
purpose of the present paper it is not necessary to have a multiplier for jµ. The proof of Theorem 4
in [27] is also different from the above derivation of Theorem 4, as it relies on the multiplier for jµ.
From (4.1) and from the subsequent arguments it is clear that there is a variant of Theorem 4 in
which the condition that Φi → Φi + ς δΦi is a symmetry of (2.1) is replaced by the condition that
δ(F aqa) = 0 if F
a = 0:
Proposition 4.1 Let qa be a conservation law multiplier for F
a and Jµ and let Φi → Φi + ς δΦi
be a one-parameter transformation under the action of which δ(F aqa) = 0 if F
a = 0. Then δJµ,
which is equivalent with jµ = jµ(Fρ)|ρa=qa and with j
µ
(Fq), is also a conserved current. j
µ
(Fq) − δJ
µ is
identically conserved and jµ(Fq) − j
µ = jµ
(F˜ q)
|F˜a=Fa is zero on the solutions of (2.1).
4.1.1 Homogeneous currents
Regarding the question whether the conserved currents that can be obtained by the multiplier
method can also be obtained by the embedding method, it follows from Theorem 4 that if there
is a symmetry Φi → Φi + ς δΦi of (2.1) so that δJ
µ is equivalent with ωJµ, where ω is a nonzero
constant, for a given current Jµ corresponding to a multiplier qa, then one can say that this J
µ can
also be obtained by the embedding method up to equivalence, using qa as adjoint-symmetry and
δΦi as symmetry characteristic in the construction. This observation also has another version:
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Proposition 4.2 Let qa be a multiplier for F
a and Jµ, let Φi → Φi + ς δΦi be a one-parameter
transformation of the fields, and let ω be a constant. The following three statements are equivalent:
(i) δ(F aqa) = ωF
aqa, (ii) δJ
µ differs from ωJµ by an identically conserved current, (iii) jµ(Fq) differs
from ωJµ by an identically conserved current. Since jµ = jµ(Fρ)|ρa=qa differs from j
µ
(Fq) by a current
that is zero on the solutions of (2.1), jµ is also equivalent with ωJµ if (i), (ii) or (iii) holds.
(ii) follows from (i) in virtue of the equations ∂µ(δJ
µ) = δ(F aqa) = ωF
aqa = ω∂µJ
µ. If (ii) holds,
then 0 = ∂µ(δJ
µ−ωJµ) = δ(F aqa)−ωF
aqa, thus (i) also holds. (ii) and (iii) are equivalent because
j
µ
(Fq) − δJ
µ is identically conserved.
In particular, if δF a = ωFF
a and δqa = ωqqa with some constants ωF and ωq, then δ(F
aqa) =
ωF aqa with ω = ωF + ωq, and if ωF + ωq 6= 0, then again one can say that J
µ can also be obtained
by the embedding method up to equivalence, using qa as adjoint-symmetry and δΦi as symmetry
characteristic. Note that the conditions δF a = ωFF
a, δqa = ωqqa, ω 6= 0 can be verified without
knowing Jµ, and δF a = ωFF
a implies that Φi → Φi + ς δΦi is a symmetry of (2.1).
Usual symmetries under which the equivalence of δJµ with ωJµ (or even δJµ = ωJµ), or δF a =
ωFF
a and δqa = ωqqa can occur are the scaling symmetries, and for this reason they will have an
important role in Sections 4.3 and 4.4.
Note that Proposition 4.2 allows one to calculate Jµ up to equivalence if qa is known, (i) holds
and ω 6= 0. This is a variant of one of the methods mentioned in [9] (see also [26, 28, 29]) for
calculating the current that corresponds to a given multiplier.
4.2 The extended systems of differential equations
Let us assume that the F a that define the system (2.1) also contain some constant parameters,
which will be denoted by gl. These gl may be only a subset of all constant parameters in F
a. If F a
describe a physical system, then gl can be coupling constants and dimensionful scale parameters,
for example. It may be useful to introduce some new parameters into the original system of DEs as
well. In accordance with the presence of the parameters in the differential equations, the conserved
currents may also depend on the parameters, and it will be assumed that they are conserved for
arbitrary values of the parameters. Although there may be currents that are conserved only for
special values of the parameters, they will not be considered in this paper.
gl can be regarded as additional fields satisfying the DEs ∂µgl = 0, i.e. one can consider the
extended system of DEs
F a[Φ, g] = 0 , ∂µgl = 0 (4.5)
instead of (2.1). As gl are originally constant parameters, F
a[Φ, g] do not depend on the derivatives
of gl. In the following we derive a variant of Theorem 4 for the DE systems (4.5) and give a
characterization of their multipliers.
The auxiliary Lagrangian density function for the extended system (4.5) is
Lˇ[Φ, g, ρ, ϑ] = F a[Φ, g]ρa + ∂µgl ϑ
µl , (4.6)
where ϑµl are further auxiliary fields corresponding to the equations ∂µgl = 0. The Euler–Lagrange
derivatives of Lˇ with respect to the fields are
δLˇ
δρa
= F a ,
δLˇ
δϑµl
= ∂µgl , (4.7)
δLˇ
δΦi
=
δ(F aρa)
δΦi
,
δLˇ
δgl
=
∂F a
∂gl
ρa − ∂µϑ
µl . (4.8)
From (4.7) and (4.8) it can be seen that the equations for ρa are not changed by appending ∂µgl = 0,
and the only Euler–Lagrange equations that contain ϑµl are ∂F
a
∂gl
ρa − ∂µϑ
µl = 0.
Let us assume that a one-parameter transformation specified by a characteristic {δΦi, δgl} is a
symmetry of the extended system (4.5). The associated conserved current is
jµ = jµ(Fρ) + ϑ
µlδgl , (4.9)
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where jµ(Fρ) denotes the expression (3.5). Although ϑ
µl is not known, it can, in principle, be obtained
by solving the Euler–Lagrange equations ∂F
a
∂gl
ρa − ∂µϑ
µl = 0. Note that δgl are constants for the
solutions of (4.5). Clearly if ϑµl[Φ, g] are conserved currents of (4.5), then {ρa = 0, ϑ
µl[Φ, g]} is an
adjoint symmetry of (4.5), jµ(Fρ) = 0, and thus j
µ = ϑµlδgl.
qa[Φ, g] will be called a parameterized multiplier for F
a, if (a) qa[Φ, g] is a conservation law
multiplier for F a in the sense that
F a[Φ, g]qa[Φ, g] = ∂µJ
µ[Φ, g] (4.10)
holds with some Jµ[Φ, g] for arbitrary Φi and arbitrary but constant gl, (b) qa[Φ, g] and J
µ[Φ, g],
which are local functions of gl, do not depend on the derivatives of gl. A parameterized multiplier is
a multiplier in the usual sense, but it can depend on the parameters of F a and it is required to be a
multiplier for arbitrary values of these parameters. Jµ[Φ, g] will be called a parameterized conserved
current.
From (4.10) it is easy to see that if qa[Φ, g] is a parameterized multiplier, then
F a[Φ, g]qa[Φ, g] +
∂Jµ[Φ, g]
∂gl
∂µgl = ∂µJ
µ[Φ, g] (4.11)
holds for general (i.e. not necessarily constant) gl, therefore {qa,
∂Jµ
∂gl
} is a (ordinary) conservation
law multiplier for the extended system (4.5).
The considerations above together with Theorem 4 give the following variant of Theorem 4 for
extended DE systems:
Theorem 5 Let a one-parameter transformation with characteristic {δΦi, δgl} be a symmetry of
the extended system of differential equations
F a[Φ, g] = 0 , ∂µgl = 0 (4.12)
introduced above. Let qa[Φ, g] be a parameterized conservation law multiplier for F
a[Φ, g] and for the
current Jµ[Φ, g]. Then {qa,
∂Jµ
∂gl
} is a conservation law multiplier for (4.12) with the same current
Jµ[Φ, g]. The Noether current (4.9) associated with the symmetry specified by {δΦi, δgl}, with the
auxiliary Lagrangian Lˇ, and with the values ρa = qa and ϑ
µl = ∂J
µ
∂gl
of the auxiliary fields, is
jµ = jµ(Fρ)|ρa=qa +
∂Jµ
∂gl
δgl . (4.13)
jµ is equivalent with δJµ, and if gl are regarded as constants, then j
µ − δJµ + jµ
(F˜ q)
|F˜a=Fa is an
identically conserved current.
Similarly as in Theorem 4, jµ is the current given by the embedding method for the symmetry
characteristic {δΦi, δgl} and for the adjoint-symmetry (and multiplier) {qa,
∂Jµ
∂gl
}.
Since Theorem 5 appears to deal with a special class of the multipliers and conserved currents of
(4.5), one can ask whether there can be other, significantly different multipliers and corresponding
conserved currents. Regarding this question, it is not difficult to verify the following:
Proposition 4.3 Let {q˜a[Φ, g], θ
µl[Φ, g]} be a multiplier for (4.5) and for the current J˜µ[Φ, g] (i.e.
F aq˜a + ∂µgl θ
µl = ∂µJ˜
µ). Then qa(x
µ,Φi, ∂νΦi, . . . , gl) = q˜a(x
µ,Φi, ∂νΦi, . . . , gl, 0, . . . ) is a pa-
rameterized conservation law multiplier for F a[Φ, g] and for the current Jµ(xλ,Φi, ∂νΦi, . . . , gl) =
J˜µ(xλ,Φi, ∂νΦi, . . . , gl, 0, . . . ).
Since Jµ = J˜µ if ∂µgl = 0, Proposition 4.3 shows that the multipliers of (4.5) considered in Theorem
5 are sufficiently general.
When one searches for conserved currents using the multiplier method, the first step is to find
multipliers, and at this stage the conserved currents are not known. It is thus interesting to ask
whether the ∂J
µ
∂gl
part of the multipliers of (4.5) appearing in Theorem 5 is unique. The following
answer can be given to this question:
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Proposition 4.4 Let both {qa[Φ, g], θ
µl
1 [Φ, g]} and {qa[Φ, g], θ
µl
2 [Φ, g]}, where qa[Φ, g], θ
µl
1 [Φ, g] and
θ
µl
2 [Φ, g] do not depend on the derivatives of gl, be multipliers for (4.5) and for the currents J
µ
1 [Φ, g]
and Jµ2 [Φ, g] that differ only by an identically conserved current. Then θ
µl
1 = θ
µl
2 .
Proof. From the conditions it follows that (θµl1 − θ
µl
2 )∂µgl = 0 holds for any configuration of Φi and
gl. This implies θ
µl
1 − θ
µl
2 = 0, because θ
µl
1 − θ
µl
2 does not depend on the derivatives of gl and at any
xµ ∂µgl can be chosen arbitrarily and independently of Φi(x
µ) and gl(x
µ). 
From Theorem 5 and Propositions 4.3 and 4.4 the following conclusion can be drawn:
Theorem 6 Let {qa[Φ, g], θ
µl[Φ, g]}, where qa[Φ, g] and θ
µl[Φ, g] do not depend on the derivatives
of gl, be a multiplier for (4.5) and for a current J˜
µ[Φ, g]. Then qa[Φ, g] is a parameterized mul-
tiplier for F a[Φ, g] and for the current Jµ(xλ,Φi, ∂νΦi, . . . , gl) = J˜
µ(xλ,Φi, ∂νΦi, . . . , gl, 0, . . . ),
{qa[Φ, g], θ
µl[Φ, g]} is a multiplier for Jµ[Φ, g], and θµl = ∂J
µ
∂gl
.
This implies, together with Theorem 5 and Proposition 4.3, that when one looks for multipliers of
(4.5) it is sufficient to consider only the multipliers that do not depend on the derivatives of gl, and
these multipliers are the same as those that appear in Theorem 5. The currents that correspond to
other multipliers are equivalent with those that correspond to the multipliers appearing in Theorem
5.
The fact that the multipliers {qa,
∂Jµ
∂gl
} of (4.5) contain ∂J
µ
∂gl
is clearly useful for solving the
problem of finding the conserved current corresponding to a known multiplier, since if one has found
Jµ for a special value of gl, then it can be calculated for other values of gl by integrating
∂Jµ
∂gl
with
respect to gl.
4.2.1 Homogeneous currents
Turning again to the question whether the conserved currents that can be obtained by the conser-
vation law multiplier method can also be obtained by the embedding method, it is generally not
obvious to what extent the symmetries of (2.1) allow the conserved currents to be reproduced in the
way mentioned in Section 4.1.1, i.e. whether for a given conserved current there is a symmetry under
the action of which it is homogeneous with nonzero weight, but in Sections 4.3 and 4.4 it will be
demonstrated that considering extended systems (4.5) can be useful in this respect, as the extended
systems can have the necessary symmetries. The main idea that will be followed is to try to extend
(2.1) in such a way that the extended DE system has a simple scaling symmetry under which the
conserved currents of interest are homogeneous with nonzero scaling weight. This idea appears also
in [9] in the context of the problem of calculating the conserved current that corresponds to a given
multiplier. The explanation for the relevance of the same idea for both the latter problem and for
the problem considered in this paper, i.e. for the problem of reproducing conserved currents that
correspond to a multiplier by the embedding method, is given by Section 4.1.1.
Under the conditions of Theorem 5, if δJµ is equivalent with ωJµ, where ω is a nonzero constant,
then it can be said that Jµ can be reproduced by the embedding method. Nevertheless, from the
point of view of the original DE system it is satisfactory if δJµ is equivalent with ωJµ only for
constant gl, by which we mean that δJ
µ[Φ, g] − ωJµ[Φ, g] = J¯µ[Φ, g] + Jˆµ[Φ, g], where J¯µ[Φ, g] is
conserved for arbitrary Φi and constant gl, and Jˆ
µ[Φ, g] = 0 if gl are constant and F
a = 0. For
deciding whether this equivalence holds, the following observation can be useful:
Proposition 4.5 Let qa[Φ, g] be a parameterized multiplier for F
a[Φ, g] and Jµ[Φ, g], ω a constant,
and {δΦi, δgl} the characteristic of a one-parameter transformation of {Φi, gl}. If (i) δ(F
aqa) =
ωF aqa for arbitrary Φi and gl and (ii) ∂µδgl = 0 for constant gl, then δJ
µ − ωJµ is conserved for
arbitrary Φi and constant gl.
Note that the conditions δ(F aqa) = ωF
aqa and ∂µδgl = 0 can be verified even if J
µ is not known.
To derive Proposition 4.5, let us consider the variation of (4.11): δ(F aqa)+δ(
∂Jµ
∂gl
)∂µgl+
∂Jµ
∂gl
∂µδgl =
∂µδJ
µ. From this equation it follows that if the conditions of the proposition hold, then ∂µ(ωJ
µ) =
ωF aqa = δ(F
aqa) = ∂µδJ
µ for constant gl and arbitrary Φi.
There are also other possibilities, distinct from those mentioned above, for reproducing the
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conserved currents of (4.5) by the embedding method, based on the observation below (4.9) about
the adjoint symmetries of (4.5). In particular, the following holds for any conserved current of (4.5):
Proposition 4.6 Let {δΦi, δgl} be the characteristic of a symmetry of (4.5), let ϑ
µ[Φ, g] be a con-
served current of (4.5), and let l0 be a value in the range of the index l. Then {0, ϑ
µδll0} is an adjoint
symmetry of (4.5) and the conserved current produced by the embedding method using this adjoint
symmetry and the symmetry characteristic {δΦi, δgl} is j
µ = ϑµδgl0 .
Since δgl is constant on the solutions of (4.5), one can say that under the conditions of the proposition
ϑµ can be reproduced by the embedding method for all values of gl for which δgl0 6= 0. Note that
the conditions of Proposition 4.6 are rather mild, in particular ϑµ is not required to correspond to a
multiplier, and only δgl0 6= 0 is necessary for j
µ to be nontrivial. On the other hand, Proposition 4.6
does not have much practical use for constructing conserved currents, since it requires the knowledge
of ϑµ in advance.
4.3 A special extension of arbitrary systems of differential equations
In this section we study the following trivial extension of an arbitrary system of DEs F a[Φ] = 0:
F a[Φ] = 0 , ∂µg = 0 . (4.14)
This extension is trivial, as F a[Φ] does not actually depend on g. (4.14) obviously has the scaling
symmetry
δΦi = 0 , δg = g , (4.15)
which is also completely independent of F a[Φ]. Although (4.14) is not useful from a practical point
of view, it deserves consideration as the simplest extension of arbitrary DEs and it gives some further
insight, beyond the results of Section 4.2, into the nature of the extended systems.
Concerning the embedding method, the following statements can be made:
Proposition 4.7 (i) {ρa[Φ], J
µ[Φ]} is an adjoint-symmetry of (4.14) if and only if Jµ[Φ] is a con-
served current and ρa[Φ] is an adjoint-symmetry of the DE system F
a[Φ] = 0. The conserved current
(4.9) associated with {ρa[Φ], J
µ[Φ]} and with the symmetry (4.15) is gJµ[Φ]. (ii) {0, Jµ[Φ]} is an
adjoint-symmetry of (4.14) for any conserved current Jµ[Φ] of F a[Φ] = 0.
Proposition 4.7 implies that all local conserved currents of (2.1) can be obtained by applying the
embedding method to (4.14).
The first part follows from equations (4.8), which take the form δ(F
aρa)
δΦi
= 0, ∂µϑ
µ = 0 for (4.14),
and from (4.15). In particular, δΦi = 0 implies that j
µ
(Fρ) = 0, thus only the second term remains
on the right hand side of (4.9). The second part of the proposition is an obvious corollary of the
first part.
The next two statements concern multipliers:
Proposition 4.8 Let {gqa[Φ], ϑ
µ[Φ]} be a multiplier for (4.14) and for a conserved current Jµ[Φ, g].
Then (i) ϑµ[Φ] is a conserved current of F a[Φ] = 0 with the multiplier qa[Φ], (ii) gϑ
µ[Φ] is a conserved
current of (4.14) with the multiplier {gqa[Φ], ϑ
µ[Φ]}, and thus gϑµ[Φ] differs from Jµ[Φ, g] by an
identically conserved current.
The first part of Proposition 4.8 can be proved by taking the Euler–Lagrange derivative of the
multiplier identity gF a[Φ]qa[Φ] + ∂µgϑ
µ[Φ] = ∂µJ
µ[Φ, g] with respect to g. This gives F a[Φ]qa[Φ]−
∂µϑ
µ[Φ] = 0, which is the sought result. For the second part, one calculates ∂µ(gϑ
µ), also using the
first part: ∂µ(gϑ
µ) = ϑµ∂µg + g∂µϑ
µ = ϑµ∂µg + gF
aqa = ∂µJ
µ.
Proposition 4.9 Let qa[Φ] be a conservation law multiplier for F
a[Φ] = 0 and Jµ[Φ]. Then
{gqa, J
µ} is a multiplier for the extended system (4.14) and the corresponding conserved current
is gJµ.
Proposition 4.9 follows from the equations ∂µ(gJ
µ) = ∂µJ
µg + Jµ∂µg = F
aqag + J
µ∂µg.
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Propositions 4.8 and 4.9 mean that for any pair (qa[Φ], J
µ[Φ]) consisting of a multiplier and a
corresponding conserved current of the original system of DEs, there is a corresponding pair
({gqa[Φ], J
µ[Φ]}, gJµ[Φ]) for the extended system (4.14), and the converse is also true.
gqa[Φ] is also a parameterized multiplier for F
a[Φ] and gJµ[Φ], and δ(gJµ[Φ]) = gJµ[Φ], therefore
the current jµ given by Theorem 5 for gqa[Φ] and for the scaling symmetry (4.15) is equivalent
with gJµ[Φ]. Moreover, it is easy to see that jµ is in fact equal to gJµ. This shows that any
local conserved current of (2.1) that corresponds to a multiplier can be reproduced by applying
the embedding method to (4.14) in such a way that the adjoint symmetry that is used is also a
multiplier.
Propositions 4.8 and 4.9 also imply that by searching for the multipliers of (4.14) that have the
form {gqa[Φ], J
µ[Φ]}, one can find the multipliers of the original system F a[Φ] = 0 together with the
corresponding conserved currents in one step, and it is not necessary to solve separately the problem
of finding the conserved currents that correspond to the multipliers of F a[Φ] = 0.
Other essentially trivial extensions of (2.1) could also be considered; for example gF a = 0,
∂µg = 0, g ∈ R \ {0}. It is easy to see that the above results, with minor modifications, hold for the
latter extended DEs as well.
In the next section we discuss examples of other possibilities of extending the original system of
equations and endowing it with a suitable scaling symmetry, which are more specific to the features
of the original DEs.
4.4 Examples
In this section the application of the results of Sections 4.1 and 4.2 in four special cases is discussed. In
each case, the aim is to show how certain currents corresponding to some multipliers are reproduced
by the embedding method, making use of extended DE systems of the form (4.5). The first example
is an exception as it does not require any actual extension, nevertheless it is included because of its
fundamental nature. Although in the second, third and fourth examples the discussion begins, for
concreteness, with relatively special differential equations, these special cases have straightforward
generalizations to wide classes of DE systems, which will also be mentioned. The DEs in the first
example are linear, whereas in the other examples they are sums of a linear and a nonlinear part.
The symmetry transformations needed in Theorems 4 and 5 will be scaling transformations, and
they will be indicated by the subscript sc. Although we focus on the use of scaling symmetries in
conjunction with Theorems 4 and 5, Proposition 4.6 also applies to all examples except the first one.
4.4.1 Homogeneous linear differential equations
Let us assume that F a[Φ] is homogeneous linear in Φi, i.e. it is of the form R
aiΦi + R
aµi∂µΦi +
Raµνi∂µνΦi + . . . , where R
a...i(xµ) are coefficient functions. In this case the variation of F a under
the scaling transformation δscΦi = Φi is δscF
a = F a, thus the system F a = 0 has a scaling symmetry
even in itself. If, in addition, a current Jµ[Φ], which corresponds to some multiplier, is a homogeneous
n-th order expression of Φi and its derivatives (n is 1 or 2 in most cases), then δscJ
µ = nJµ, therefore
nJµ is equivalent with the current jµ appearing in Theorem 4.
4.4.2 Klein–Gordon field with φn interaction term
Let us consider a relativistic scalar field with the Lagrangian L = 12 (∂µφ∂
µφ−m2φ2) + gφn, where
g is a coupling constant, m is a mass parameter and n ∈ R \ {0}. The field equation for φ is F = 0,
where F is the Euler–Lagrange derivative of L with respect to φ, i.e.
F =
δL
δφ
= −∂µ∂
µφ−m2φ+ gnφn−1 . (4.16)
It is well-known that spacetime translations are symmetries of L. The variation of φ and L under
a spacetime translation in the direction given by a vector hµ is δφ = −hµ∂µφ and δL = −∂µ(h
µL).
The latter equation shows that Kµ = −hµL can be chosen in (A.8). jµ = ∂L
∂(∂µφ)
δφ = −hν∂µφ∂νφ
(see A.7), thus the Noether current associated with spacetime translations in the direction hµ is
J
µ
N = −(∂
µφ∂νφ− δ
µ
νL)h
ν . (4.17)
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For applying the constructions described in Section 4.2, we promote g to a field, i.e. we consider
the extended system of equations F = 0, ∂µg = 0. m, on the other hand, is left as a constant
parameter. The variation of F and ∂µg under the scaling transformation
δscφ = φ , δscg = (2− n)g (4.18)
is δscF = F and δsc(∂µg) = (2 − n)∂µg, thus this scaling transformation is a symmetry of the
extended system. JµN also transforms homogeneously under (4.18):
δscJ
µ
N = 2J
µ
N . (4.19)
In accordance with the remark at the end of Section 3.1, q = δφ = −hµ∂µφ is a multiplier
for F and for the conserved current Jµ = −JµN . Moreover, q is also a parameterized conservation
law multiplier, the parameter being g, with the same current Jµ. For jµ(Fρ) one finds j
µ
(Fρ) =
−ρ ∂µφ+ ∂µρ φ, thus jµ(Fρ)|ρ=q = (∂
µφ∂λφ− φ∂
µ∂λφ)h
λ. ∂J
µ
∂g
= −hµφn, and finally (4.13) gives
jµ = (∂µφ∂λφ− φ∂
µ∂λφ)h
λ + g(n− 2)hµφn . (4.20)
In contrast with Jµ, this current depends on the second derivatives of φ, and the coefficient of φn is
also different in the two currents. For jµ
(F˜ q)
|F˜=F one finds j
µ
(F˜ q)
|F˜=F = −Fh
µφ, and then it is not
difficult to verify that
2Jµ − jµ − jµ
(F˜ q)
|F˜=F = ∂ν(h
νφ∂µφ− hµφ∂νφ) . (4.21)
This is an identically conserved current, in accordance with Theorem 5, thus jµ is equivalent with
2Jµ. Since (4.21) does not depend on g, it is identically conserved even when g is not constant.
In addition to translation symmetries L has Lorentz symmetry as well, which could also be used
in the embedding method instead of the scaling symmetry, without any extension of the original
Euler–Lagrange equation. Nevertheless, the extended DE system is also suitable for dealing with
more general cases that do not have Lorentz symmetry. Consider, for instance, the Lagrangian
L = 12 (∂µφ∂
µφ−m2φ2)+gWφn, whereW is an arbitrary function of all coordinates except x0. This
Lagrangian still has x0-translation symmetry, but generally does not have Lorentz symmetry. The
preceding steps can nevertheless be repeated essentially identically; F = −∂µ∂
µφ−m2φ+gWnφn−1,
J
µ
N = −∂
µφ∂0φ− δ
µ
0L, δscJ
µ
N = 2J
µ
N ,
∂Jµ
∂g
= −δµ0Wφ
n, and finally jµ = (∂µφ∂0φ−φ∂
µ∂0φ)+ g(n−
2)Wφnδµ0 , which is equivalent with 2J
µ = −2JµN .
Clearly the case when the interaction term is
∑
k gkφ
nk or
∑
k gkWkφ
nk can be treated very
similarly to the cases above, promoting each coefficient gk to a field with transformation property
δscgk = (2 − nk)gk. Moreover, the same treatment would also be suitable for several fields with
various tensorial structure and with a Lagrangian of the form
L = L0[Φ] +
∑
k
gkLk[Φ] , (4.22)
where L0 is a quadratic local function of the fields and Lk is of order nk. The symmetry of L does
not have to be a translation; it is sufficient that δΦi and K
µ be homogeneous under δsc of order
ω 6= −1 and 1+ω, respectively. Under these conditions JN is also homogeneous of order 1 + ω. For
the usual spacetime and internal symmetries ω = 1.
4.4.3 Klein–Gordon field with general interaction
In the previous example we made use of the homogeneous polynomial form of the interaction term,
thus it is natural to ask what can be done in the more general case when the Lagrangian is L =
1
2 (∂µφ∂
µφ−m2φ2)+V (φ), where V (φ) is an arbitrary function. A relatively simple way to deal with
this case is the following: one introduces two constants, g1 and g2, into L, so that the Lagrangian
becomes L = 12 (∂µφ∂
µφ − m2φ2) + g1V (g2φ). g2 will be used to handle the problem that V (φ)
and V ′(φ) (V ′ denoting the derivative of V ) do not generally have simple scaling transformation
properties under δscφ = φ. The Euler–Lagrange derivative of L with respect to φ is
F =
δL
δφ
= −∂µ∂
µφ−m2φ+ g1g2V
′(g2φ) . (4.23)
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Kµ = −hµL can again be chosen in (A.8) for spacetime translations, and the Noether current JµN
can also be written in the form (4.17).
For applying the constructions of Section 4.2, one promotes both g1 and g2 to fields, and one
defines the scaling transformation to be
δscφ = φ , δscg1 = 2g1 , δscg2 = −g2 . (4.24)
This is a symmetry of the system F = 0, ∂µg1 = 0, ∂µg2 = 0, since δscF = F , δsc(∂µg1) = 2∂µg1,
δsc(∂µg2) = −∂µg2. J
µ
N also transforms in the desired way, i.e. δscJ
µ
N = 2J
µ
N . We note that
δsc(g2φ) = 0, thus also δscV (g2φ) = δscV
′(g2φ) = 0. The reason for introducing g2 was precisely
to achieve this, and thus to remedy the problem that V (φ) and V ′(φ) do not generally have simple
scaling transformation properties under δscφ = φ.
In the same way as in Section 4.4.2, q = δφ = −hµ∂µφ is a parameterized multiplier for F and
for the conserved current Jµ = −JµN . j
µ
(Fρ) and j
µ
(Fρ)|ρ=q are also given by the same expressions as
in Section 4.4.2, ∂J
µ
∂g1
= −hµV (g2φ) and
∂Jµ
∂g2
= −hµg1φV
′(g2φ), thus (4.13) gives
jµ = (∂µφ∂λφ− φ∂
µ∂λφ)h
λ − 2g1h
µV (g2φ) + g1g2h
µφV ′(g2φ) . (4.25)
For V (φ) = φn and g2 = 1 this becomes identical with (4.20). j
µ
(F˜ q)
|F˜=F is again −Fh
µφ, and for
2Jµ − jµ − jµ
(F˜ q)
|F˜=F one obtains again (4.21).
As in Section 4.4.2, the Lorentz symmetry of L is not essential; the x0-translation symmetric but
not necessarily Lorentz symmetric generalization L = 12 (∂µφ∂
µφ−m2φ2)+g1WV (g2φ), for instance,
can be treated in the same way as the W = 1 case above. JµN = −∂
µφ∂0φ − δ
µ
0L, δscJ
µ
N = 2J
µ
N ,
and the final result for jµ is jµ = (∂µφ∂0φ − φ∂
µ∂0φ) − 2g1δ
µ
0WV (g2φ) + g1g2δ
µ
0φWV
′(g2φ).
Furthermore, the same treatment can be extended without difficulty also to several fields of various
kinds with a Lagrangian of the form L = L0[Φ] + LI [Φ], which would become
L = L0[Φ] + g1LI [g2Φ] (4.26)
after introducing g1 and g2, where L0 is quadratic and LI is a general local function. For the
symmetry it is again sufficient that δΦi and K
µ be homogeneous under δsc of order ω 6= −1 and
1 + ω, respectively. Under these conditions JN is also homogeneous of order 1 + ω.
4.4.4 Generalized Korteweg–de Vries equation
The generalized Korteweg–de Vries (gKdV) equation is the partial differential equation
∂tφ+ φ
p∂xφ+ ∂
3
xφ = 0 (p > 0) , (4.27)
where p is a parameter, φ(t, x) is the unknown function, and t, x ∈ R. In [9, 29] the following five
multipliers were found for this equation:
q1 = 1 , q2 = φ , q3 = ∂
2
xφ+
1
p+ 1
φp+1 (p > 0) , (4.28)
q4 = x− tφ (p = 1) , (4.29)
q5 = t(3∂
2
xφ+ φ
3)− xφ (p = 2) . (4.30)
The corresponding conserved currents were found to be
J t1 = φ , J
x
1 =
1
p+ 1
φp+1 + ∂2xφ (4.31)
J t2 =
1
2
φ2 , Jx2 =
1
p+ 2
φp+2 + φ∂2xφ−
1
2
(∂xφ)
2 (4.32)
J t3 =
1
2
φ∂2xφ+
1
(p+ 1)(p+ 2)
φp+2 , (4.33)
Jx3 =
1
2(p+ 1)2
φ2p+2 +
1
p+ 1
φp+1∂2xφ+
1
2
((∂2xφ)
2 + ∂tφ∂xφ)− φ∂txφ (4.34)
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J t4 = xφ−
1
2
tφ2 , Jx4 = t
(
1
2
(∂xφ)
2 − φ∂2xφ−
1
3
φ3
)
+ x
(
∂2xφ+
1
2
φ2
)
− ∂xφ (4.35)
J t5 =
1
2
(3tφ∂2xφ− xφ
2) +
1
4
tφ4 (4.36)
Jx5 = t
(
3
2
((∂2xφ)
2 + ∂tφ∂xφ) + φ
3∂2xφ−
3
2
φ∂txφ+
1
6
φ6
)
+x
(
1
2
(∂xφ)
2 − φ∂2xφ−
1
4
φ4
)
−
1
2
φ∂xφ . (4.37)
For applying the constructions of Section 4.2, an additional constant parameter g (g > 0) is
introduced into the nonlinear part of (4.27):
F = ∂tφ+ gφ
p∂xφ+ ∂
3
xφ . (4.38)
g is also introduced into the multipliers and into the corresponding conserved currents: q1 and q2
are not changed, q3 = ∂
2
xφ+
1
p+1gφ
p+1, q4 = x− tgφ, q5 = t(3∂
2
xφ+ gφ
3)− xφ, and the currents are
modified in the following way: φp+1 → gφp+1 in Jx1 ; φ
p+2 → gφp+2 in Jx2 and J
t
3; φ
2p+2 → g2φ2p+2
and φp+1 → gφp+1 in Jx3 ; in J
t
4 and J
x
4 the terms quadratic in φ (including the derivatives of φ) are
multiplied by g and the third order term is multiplied by g2; φ4 → gφ4 in J t5; in J
x
5 the terms that
are fourth order in φ (including the derivatives of φ) are multiplied by g and the sixth order term is
multiplied by g2. By these modifications q1, . . . , q5 become parameterized multipliers. We note that
a constant parameter was introduced into the gKdV equation and into the multipliers in the same
way in [9] in the context of the problem of finding the conserved currents that correspond to the
multipliers. In [9] the parameter was denoted by µ. It is also remarkable that in the examples in
the previous two subsections the multipliers do not depend on the g constants, thus the dependence
of q3, q4 and q5 on g is a new feature of the present example.
For the extended DE system one takes F = 0, ∂µg = 0, and the scaling transformation is chosen
to be
δscφ = φ , δscg = −pg . (4.39)
This scaling transformation was also considered in [9]. δsc(gφ
p) = 0, thus δscF = F , and (4.39) is a
symmetry of the extended system of DEs. Furthermore, the multipliers and the conserved currents
are homogeneous under (4.39):
δscqi = κiqi ; κ1 = κ4 = 0, κ2 = κ3 = κ5 = 1 , (4.40)
δscJ
µ
i = ωiJ
µ
i ; ω1 = ω4 = 1, ω2 = ω3 = ω5 = 2 . (4.41)
By theorem 5, the currents given by (4.13) are thus equivalent with Jµ1 , 2J
µ
2 , 2J
µ
3 , J
µ
4 , 2J
µ
5 , respec-
tively. For jµ(Fρ) one finds
jt(Fρ) = ρφ, j
x
(Fρ) = gρφ
p+1 + ρ∂2xφ− ∂xρ ∂xφ+ ∂
2
xρ φ . (4.42)
In the first two cases jµ, given by (4.13), is exactly Jµ1 and 2J
µ
2 ; j
µ
(F˜ q)
= 0,
∂J
µ
1
∂g
= (0, 11+pφ
p+1),
∂J
µ
2
∂g
=
(0, 12+pφ
p+2). In the third case,
∂J
µ
3
∂g
= ( 1(1+p)(2+p)φ
p+2, g(1+p)2φ
2p+2 + 11+pφ
p+1∂2xφ), j
µ
(F˜ q)
|F˜=F =
(0, F∂xφ−φ∂xF ), and 2J
µ
3 = j
µ+jµ
(F˜ q)
|F˜=F . In the fourth case,
∂J
µ
4
∂g
= (− 12 tφ
2, t(12 (∂xφ)
2−φ∂2xφ)+
1
2xφ
2 − 23gφ
3), jµ
(F˜ q)
= 0, and jµ = Jµ4 . In the fifth case,
∂J
µ
5
∂g
= (14 tφ
4, tφ3∂2xφ +
1
3gφ
6 − 14xφ
4),
j
µ
(F˜ q)
|F˜=F = (0, 3tF∂xφ − 3tφ∂xF ), and 2J
µ
5 = j
µ + jµ
(F˜ q)
|F˜=F . On the solutions of the extended
system jµ is equal to ωiJ
µ
i (see (4.41) for ωi) in all cases.
The results of [9, 29] on the symmetries and conservation laws of the gKdV equation show that
the gKdV equation has a scaling symmetry even in its original form, and the conserved currents
J
µ
1 , . . . , J
µ
5 are homogeneous under its action up to equivalence. This means that J
µ
1 , . . . , J
µ
5 can
also be reproduced (up to equivalence) by applying the embedding method to the original gKdV
equation, if the scaling weights of Jµ1 , . . . , J
µ
5 with respect to the scaling symmetry mentioned in
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[9, 29] are not zero. However, the scaling weights of Jµ4 and J
µ
5 are zero, and there are special values
of p for which the scaling weight of Jµ1 or J
µ
2 also becomes zero. On the other hand, the extended
system discussed above with the scaling symmetry (4.39) is free from this difficulty.
The example of the gKdV equation also admits a generalization. Let us assume that F a[Φ], a
multiplier qa[Φ], and the corresponding conserved current J
µ[Φ] take the form
F a[Φ] =
∑
k
F ak [Φ] , qa[Φ] =
∑
m
qma[Φ] , J
µ[Φ] =
∑
n
Jµn [Φ] , (4.43)
where F ak [Φ], qma[Φ], J
µ
n [Φ] are homogeneous of order αk, βm, γn, respectively, under the scaling
transformation δscΦi = Φi. The dimension of the base manifold can be arbitrary and Φi is also not
restricted to be a single scalar field. In this case one can introduce the constant parameter g (g > 0)
into F a, qa, J
µ by taking
F a[Φ, g] =
∑
k
gη−αkF ak [Φ] , qa[Φ, g] =
∑
m
gρ−βmqma[Φ] , J
µ[Φ, g] =
∑
n
gη+ρ−γnJµn [Φ] ,
(4.44)
where η and ρ are arbitrary real numbers for which η+ρ 6= 0. In this way qa becomes a parameterized
multiplier for F a and Jµ. Then one promotes g to a field with scaling transformation property
δscg = g. δsc(g
η−αkF ak [Φ]) = ηg
η−αkF ak [Φ], thus δscF
a = ηF a, therefore δsc is a symmetry of the
extended DE system F a = 0, ∂µg = 0. Furthermore, qa and J
µ are also homogeneous under δsc:
δscqa = ρqa, δscJ
µ = (η + ρ)Jµ, thus the current (4.13) is equivalent with (η + ρ)Jµ.
In the case of the gKdV equation one can choose F1 = ∂tφ + ∂
3
xφ, F2 = φ
p∂xφ, for which
α1 = 1, α2 = 1 + p, and qi and J
µ
i obviously also have the form prescribed in (4.43). For ηi one
can take ηi = 1, and then F becomes ∂tφ + g
−pφp∂xφ + ∂
3
xφ after introducing g. For ρi one can
take ρ1 = ρ4 = 0, ρ2 = ρ3 = ρ5 = 1, and then qi and J
µ
i also take the form given previously in this
subsection, but with g → g−p, like F . The previous formulas for F , qi, J
µ
i can thus obviously be
recovered by the replacement g−p → g, which also leads to the transformation property (4.39) for g.
5 Conclusion
According to recent results, the multiplier method and the embedding method differ significantly in
the range of conserved currents they can generate. Specifically, the embedding method was found
to be generally less powerful in this respect than the multiplier method [27].
With the aim of continuing the investigation of the relations between the multiplier and the
embedding methods and improving on the result mentioned above, we studied simple extended forms
(4.5) of general DE systems, obtained by promoting constant parameters of the DEs to dependent
variables. We derived a variant of a known fundamental result about the connection between the two
methods for the extended DEs, and showed that, up to equivalence, the multipliers of an extended
DE system consist of the parametric multipliers of the original system accompanied by the derivatives
of the corresponding conserved currents with respect to the parameters. In addition, the extended
DE systems have adjoint-symmetries composed of the conserved currents of the extended system,
which can be used in the embedding method together with symmetries that act nontrivially on the
parameters (see Proposition 4.6).
We studied the simplest extension of arbitrary systems of DEs (4.14) and found that by applying
the embedding method to this extended system it is possible to generate all local conserved currents
of the original system, moreover those conserved currents that correspond to a multiplier can be
generated using an adjoint symmetry that is also a multiplier. We also discussed examples of other
possible extensions that are more specific to the features of the DEs under consideration. These
examples, the results for (4.14), and the existence of the adjoint-symmetries mentioned above show
that the embedding method becomes significantly stronger if it is also allowed to be applied to the
extended forms of the original system of DEs.
In principle, the results for (4.14) mean that taking into account the extended DE systems
strengthens the embedding method to the maximal possible extent and solves the problem of the
relative weakness of the embedding method. However, (4.14) is a trivial extension that does not
give much help for finding conserved currents in practice, therefore it is important to consider other
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extensions that make more use of the features of the DEs that one studies. Although such extensions
were discussed in Section 4.4, it would still be interesting to explore the various possibilities more
completely and to investigate their practical usefulness in comparison with the multiplier method.
A further point that is worth noting for the assessment of the virtues of the two methods is that
the embedding method is also suitable for generating conserved currents associated with the sym-
metries of (2.1) without using any adjoint-symmetry. These currents are generally local conserved
currents of the Euler–Lagrange equation system in which (2.1) is embedded, rather than of (2.1),
nevertheless they are useful for some purposes—for example, for verifying approximate solutions of
(2.1) obtained by a numerical method.
Finally we recall, regarding the relations between the two methods, that from the point of view
of the auxiliary Lagrangian (3.2) used in the embedding method the multiplier method is a special
case of Noether’s theorem (see Theorem 3), thus (3.2) underlies not only the embedding method but
the multiplier method as well.
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A Symmetries of Lagrangians
In this appendix the continuous symmetries of Lagrangians and the corresponding conserved currents
are discussed, after certain auxiliary formulas. Some of the notation used below is introduced in
Section 2.
Proposition A.1 Let G be a homogeneous linear local function of ǫα(xµ), i.e.
G = Gαǫ
α +Gν1α ∂ν1ǫ
α +Gν1ν2α ∂ν1ν2ǫ
α + . . . , (A.1)
where Gν1ν2α (x
µ), Gν1ν2ν3α (x
µ), ... are completely symmetric in the upper indices, and the sum on the
right hand side contains only finitely many terms. ǫα and Gν1ν2α , G
ν1ν2ν3
α , ... may be anticommuting
for some values of α. Under these conditions G can be written as
G = Gˆαǫ
α + ∂νG
ν , (A.2)
where
Gˆα = Gα − ∂ν1G
ν1
α + ∂ν1ν2G
ν1ν2
α − . . . (A.3)
and
Gν = Gναǫ
α+(Gνλ1α ∂λ1ǫ
α− ∂λ1G
νλ1
α ǫ
α)+ (Gνλ1λ2α ∂λ1λ2ǫ
α− ∂λ2G
νλ1λ2
α ∂λ1ǫ
α+ ∂λ1λ2G
νλ1λ2
α ǫ
α)+ . . . .
(A.4)
(A.2) can be derived by applying the differentiation rule of products in a straightforward way.
The first order variation of a Lagrangian density function L[Φ] under a one-parameter transfor-
mation Φi → T {ς,Φ}i is defined as δL =
dL[Φ+ςδΦ]
dς
|ς=0; clearly
δL =
∂L
∂Φi
δΦi +
∂L
∂(∂µΦi)
∂µδΦi +
∂L
∂(∂µνΦi)
∂µνδΦi + . . . . (A.5)
By applying the rule of differentiation of products (in particular (A.1)-(A.4)) to the right hand side
of (A.5), δL can be rewritten as
δL[Φ, δΦ] = Ei[Φ]δΦi + ∂µj
µ[Φ, δΦ] , (A.6)
where Ei[Φ] is the Euler–Lagrange derivative given by (2.2) and
jµ[Φ, δΦ] =
∂L
∂(∂µΦi)
δΦi +
(
∂L
∂(∂µνΦi)
∂νδΦi − ∂ν
∂L
∂(∂µνΦi)
δΦi
)
+
(
∂L
∂(∂µνλΦi)
∂νλδΦi − ∂ν
∂L
∂(∂µνλΦi)
∂λδΦi + ∂νλ
∂L
∂(∂µνλΦi)
δΦi
)
+ . . . . (A.7)
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If δΦi is a local function of Φi and
δL = ∂µK
µ (A.8)
holds with some Kµ[Φ] for arbitrary configurations of Φi, then Φi → Φi+ ς δΦi is called a symmetry
of L and from (A.6) it follows that
∂µJ
µ +EiδΦi = 0 , (A.9)
where Jµ is defined as
Jµ = jµ −Kµ . (A.10)
Jµ is called the Noether current associated with the symmetry Φi → Φi + ς δΦi. Since K
µ is
determined by (A.8) up to adding identically conserved currents, Jµ is also determined only up to
identically conserved currents. If Φi also satisfy their Euler–Lagrange equations, i.e. E
i[Φ] = 0, then
from (A.9) it follows that Jµ is conserved. This result, together with its converse, which we do not
discuss here, is known as Noether’s theorem. For more detailed expositions of Noether’s theorem
the reader is referred to [1, 2, 3, 4].
A.1 On-shell symmetries
For the conservation of Jµ it is sufficient that the symmetry condition (A.8) holds only on the
solutions of the Euler–Lagrange equations. In this case we call Φi → Φi+ς δΦi an on-shell symmetry
of L. Kµ and thus also Jµ are rather undetermined in the case of on-shell symmetries, since any
conserved current can be added to Kµ. Moreover, (A.8) is obviously satisfied on the solutions of the
Euler–Lagrange equations for any transformation if Kµ = jµ is chosen, although with this choice
Jµ = 0. It is therefore essential to restrict Kµ in a suitable way if one considers on-shell symmetries.
For the present paper, for instance, Kµ = 0 is suitable.
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